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Abstract 

We study the class of norms on the space of smooth functions on a closed 
symplectic manifold, which are invariant under the action of the group of Hamil- 
tonian diffeomorphisms. Our main result shows that any such norm that is 
continuous with respect to the C°°-topology, is dominated from above by the 
Loo-norm. As a corollary, we obtain that any bi-invariant Finsler pseudo-metric 
on the group of Hamiltonian diffeomorphisms that is generated by an invariant 
norm that satisfies the aforementioned continuity assumption, is either identi- 
cally zero or equivalent to Hofer's metric. 

> ' 

^§ : Introduction and Main Results 

A remarkable fact, which is among the cornerstones of symplectic rigidity theory, 
is that the group of Hamiltonian diffeomorphisms of a symplectic manifold can be 
equipped with an intrinsic geometry given by a bi-invariant Finsler metric known as 
Hofer's metric. In contrast with finite-dimensional Lie groups, the existence of such 
a metric on an infinite-dimensional group of transformations is highly unusual due to 
the lack of compactness. In the past twenty years, Hofer's metric has been intensively 
studied with many new discoveries covering a wide range of aspects in Hamiltonian 
dynamics and symplectic geometry. 

The purpose of this note is to show that under some mild assumption, Hofer's 
metric is, in a sense, the only bi-invariant Finsler metric on the group of Hamiltonian 
diffeomorphisms of closed symplectic manifolds. In order to state this result precisely 
we proceed with some standard definitions and notations, and refer the reader to the 
books [7J [HI [15] for symplectic preliminaries, and further discussions on the group of 
Hamiltonian diffeomorphisms and Hofer's geometry. 

Let (M, lo) be a closed 2n-dimensional symplectic manifold, and denote by C^°(M) 
the space of smooth functions that are zero-mean normalized with respect to the 
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canonical volume form w". For every smooth time-dependent Hamiltonian function 
H : M x [0, 1] — >■ R, we associate a vector field Xu t via the equation ix Ht ^ — —dH t , 
where H t (x) = H(t,x). The flow of Xn t is denoted by 0^ and is defined for all 
t G [0, 1]. The main object of this note is the group of Hamiltonian diffeomorphisms, 
which consists of all the time-one maps of such Hamiltonian flows i.e., 

Ham(M, tu) = | where is a Hamiltonian flow} 

When equipped with the standard C°°-topology, the group Ham(M, u) is an infinite- 
dimensional Frechet Lie group, whose Lie algebra A can be identified with the space 
Cq°(M). Moreover, the adjoint action of Ham(M, u) on A is the standard action 
of diffeomorphisms on functions i.e., Ad^f — f o for every / G A and <p G 
Ham(M, u). Next, we define a Finsler (pseudo) distance on Ham(M, u). Given any 
norm || ■ || on the Lie algebra A, we define the length of a path a : [0, 1] — > Ham(M, u) 
as 

length{a} = / \\a\\dt — / ||if t ||dt, 
Jo Jo 

where H t (x) = H(t, x) is the unique normalized Hamiltonian function generating the 
path a. Here H is said to be normalized if j M H t u n = for every t G [0, 1]. The 
distance between two Hamiltonian diffeomorphisms is given by 

d(ip,<f) '■= inf lengthja}, 

where the infimum is taken over all Hamiltonian paths a connecting ip and ip. It 
is not hard to check that d is non-negative, symmetric and satisfies the triangle 
inequality. Moreover, a norm on A which is invariant under the adjoint action yields 
a bi-invariant pseudo-distance function, i.e. d(ip,<f)) = d(6tp,6<j)) = d(tp6,<f)8) for 
every tp^^ Ham(M, tu). From now on we will deal solely with such normal and 
we will refer to d as the pseudo-distance generated by the norm || • ||. 

Remark 1.1. When one studies the geometric properties of the group of Hamilto- 
nian diffeomorphisms, it is convenient to consider smooth paths [0, 1] — > Ham(M, u), 
among which, those that start at the identity correspond to smooth Hamiltonian 
flows. Moreover, for a given Finsler metric on Ham(M, u), a natural assumption 
from a geometric point of view is that every smooth path [0, 1] — > Ham(M, u) is of a 
finite length. As it turns out, the latter assumption is equivalent to the continuity of 
the norm on A corresponding to the Finsler metric in the C^-topolog}]^. We prove 

1 We remark that a fruitful study of right-invariant Finsler metrics on Ham(M, u>), motivated 
in part by applications to hydrodynamics, was initiated in a well known paper by Arnold |TJ (see 
also [2], [HJ and the references within). Moreover, non-Finslerian bi-invariant metrics on Ham(M, ui) 
have been intensively studied in the realm of symplectic geometry, starting with the works of 
Viterbo [18], Schwarz [17], and Oh [12], and followed by many others. 

2 We thank A. Katok for his illuminating remark regarding the naturalness of the assumption 
that the norm is continuous in the C°°-topology. 
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this fact in the Appendix to the paper. Throughout the text we shall consider only 
such norms. 

It is highly non-trivial to check whether a distance function generated by such 
a norm, is non-degenerate, that is d(i, <fi) > for <ft ^ t. In fact, for closed sym- 
plectic manifolds, a bi-invariant pseudo-metric d on Ham(M, u) is either a genuine 
metric or identically zero. This is an immediate corollary of a well known theorem 
by Banyaga [3J, which states that Ham(M, u) is a simple group, combined with the 
fact that the null-set 

null(rf) = {(j) e Ham(M,u;) | d(l, (f>) = 0} 

is a normal subgroup of Ham(M, u). A distinguished result by Hofer [6] states that 
the Loo-norm on A gives rise to a genuine distance function on Ham(M, u) known as 
Hofer's metric. This was discovered and proved by Hofer for the case of M 2n , then 
generalized by Polterovich [TJ], and finally proven in full generality by Lalonde and 
McDuff [TO] . In a sharp contrast to the above, Eliashberg and Polterovich [5] showed 
that for 1 < p < oo, the pseudo-distances on Ham(M, ui) corresponding to the L p - 
norms on A vanishes identically. A considerable generalization of the latter result 
was given by Ostrover- Wagner [T3J who proved that for a closed symplectic manifold: 

Theorem 1.2 (Ostrover- Wagner [13]). Let \\ ■ || be a Ham(M,u) -invariant norm on 
A such that || • || < CH'lloo for some constant C, but the two norms are not equivalent. 
Then the associated pseudo- distance d on Ham(M, u) vanishes identically. 

In [5], the authors started a discussion regarding the uniqueness of Hofer's metric 
(cf. [1], [I5])- F° r the case of closed symplectic manifolds, one question they arose is: 

Question: Does there exist a Finsler bi-invariant metric on Ham(M, u) which is not 
equivalent to Hofer's metric. 

In this paper we provide an answer to the above question under the natural con- 
tinuity assumption mentioned in Remark 11.11 More precisely, our main result is: 

Theorem 1.3. Let(M,u) be a closed symplectic manifold. Any Ham(M,u) -invariant 
pseudo norm \\ ■ \ \ on A that is continuous in the C°° -topology, is dominated from above 
by the L^-norm i.e., \\ ■ \\ < C\\ ■ ||oo for some constant C . 

Combining together Theorem 11.31 and Theorem 11.21 we conclude that: 

Corollary 1.4. For a closed symplectic manifold (M,u), any bi-invariant Finsler 
pseudo metric on Ham(M,u), obtained by a pseudo norm || ■ II on A that is continuous 
in the C°° -topology, is either identically zero or equivalent^ to Hofer's metric. In 

3 Here two metrics d\, are said to be equivalent if A d\ ^ c?2 *s Cd\ for some constant C > 0. 
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particular, any non- degenerate bi-invariant Finsler metric on Ham(M,u) , which is 
generated by a norm that is continuous in the C°°-topology, gives rise to the same 
topology on Ham(M,tu) as the one induced by Hofer's metric. 

Remark 1.5. Let us emphasize that any norm || ■ || on A can be turned into a 
Ham(M, -invariant pseudo-norm via the invariantization procedure ||/|| i— > \\f\\i n v, 
where: 

H/IU = U-fiW ; / = 52 fu and <t>i e Ham(M,u)} 

Note that || • \\ inv < \\ ■ ||. Thus, if || ■ || is continuous in the C°°-topology, then so is 
|| • \\inv Moreover if || • ||' is a Ham(M, w)-invariant norm, then: 

In particular, the above invariantization procedure provides a plethora of Ham(M, u)- 
invariant genuine norms on A, e.g., by taking the homogenization of the || • || C fc-norms. 

Structure of the paper: In Section [2] we sketch an outline of the proof of Theo- 
rem 11.31 In Section |3] we prove a local version of this theorem, which would serve as 
the main ingredient in the proof of the general case given in Section SJ 

Notations: Let x%,...,x n be the Cartesian coordinates in R n . For any multi-index 
a = (at,..., a n ), set d a = d^d^ 2 ■ ■ ■ d% n , where <9j = d/dxi. For an open set Q C R n 
we denote C C (Q) the space of compactly supported continuous functions on fl, and let 
|| - || oo stands for the Loo-norm. For an integer k, define C^(Q) the class of functions 
/ from C c (£l) such that d a f G C C (VL) for all |a| < k. The C fc -norm of u e C c fc (fi) is 
given by 

\\u\\ C k = max sup \d a u\ 

As usual, C^°(Q) is the intersection of all the C^(Q) and is endowed with the C°°- 
topology. We denote by supp(f) the support of the function / i.e., the closure of the 
set {x | f(x) 0}, and by int(D) the interior of a domain D C MJ 1 . For an open do- 
main U C R 2n , we denote by Ham c (D,o;) the group of Hamiltonian diffeomorphisms 
of M 2 ™, which are generated by Hamiltonian functions H : M 2n x [0, 1] — > R, whose 
support is compact and contained in U x [0, 1]. Here u is the standard symplectic 
form on M. 2n given by u = dp A dq, where {qi,pi, ■ ■ ■ , q n ,Pn} are the canonical coor- 
dinates in M. 2n . We say that a function / : M. 2n — y R is a product function, if it is of 
the form f(q,p) = Yli=i fi(QuPi)- Finally, the letters C, C\, C 2 , ■ ■ ■ are used to denote 
positive constants that depend solely on the dimension of the ambient space relevant 
in each particular context. 

Acknowledgements: Both authors are grateful to H. Hofer and L. Polterovich, for 
their interest in this work and helpful comments. This article was written during 
visits of the first author at the Institute for Advanced Study (IAS) in Princeton, and 
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for financial support. The first author was supported by the Mathematical Sciences 
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and by the Israel Science Foundation grant No. 1057/10. Any opinions, findings and 
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2 Outline of the Proof 

Here we briefly describe the strategy of the proof of Theorem 11.31 For technical 
reasons, we shall prove Theorem 11.31 for norms on the space C°°(M), instead of the 
space A. The original claim would follow from this result since any Ham(M, u) 
invariant pseudo-norm || • || on A can be naturally extended to an invariant pseudo- 
norm || • ||' on C°°(M) by setting 

11/ II' = ||/ - M f \\, where M f = ^ J M /«» 

Note that if || • || is continuous in the C°°-topology, then so is || • ||'. Moreover, the 
norm || ■ ||' coincides with || ■ || on the space A. By a standard partition of unity 
argument, we reduce the proof of the theorem to a "local result" , i.e., we show that it 
is sufficient to prove Theorem 11.31 for Ham c (H / , u)- invariant norms on C£°(W), where 
W = {—L, L) 2n is a 2n-dimensional cube in R 2n . As a first step toward this end, we 
introduce a special Ham c (H^, a;)-invariant norm || • ||jr. ma x on C^°(W), which depends 
on a given finite collection J 7 C C%°(W). More precisely: 

Definition I. For a non-empty finite collection J 7 C C^°(W), let 
Cjr := $*/i | Ci G R, $,G Ham c (W, u), fi G and #{z | a ^ 0} < ooj, 

i 

be equipped with the norm 

11/11^ = infX>l> 

where the infimum is taken over all the representations f = ^2 Ci $* fi as above. 
Definition II. For any compactly supported function f G C£°(W), let 

\\f\\r,max = inf { liminf ||/||^}, 

where the infimum is taken over all subsequences {fi} in Cj which converge to f in 
the C°° -topology . As usual, the infimum of the empty set is set to be +oo. 
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The main feature of the norm || • ||jr jmax is that it dominates from above any other 
Ham c (H / , o;)-invariant norm that is continuous in the C^-topology (see Lemma \3.3\i . 
The next step, which is also the main part of the proof, is to show that for a suitable 
collection of functions J 7 C C£°(W), the norm || • ||jr maa; is in turn dominated from 
above by the Loo-norm. This is proved in Theorem 13.41 and in light of the above, it 
completes the proof of Theorem 11.31 The proof of Theorem 13.41 is divided into two 
main steps which we now turn to describe: 

The local two-dimensional case: Here, we shall construct a collection J 7 of smooth 
compactly supported functions on a two-dimensional cube W 2 C R 2n , such that any 
/ G C^°(W 2 ) satisfies ||/||^ )m0 x ^ CH/Hoo for some absolute constant C. There 
are two independent components in the proof of this claim. First, we show that 
one can decompose any / G C^°(W 2 ) with ||/||oo ^ 1 into a finite combination 
/ = Si=i e j^*j9j- Here, €j G { — 1,1}, \&j G Ha,m c (W 2 , u), and gj are smooth radial 
functions whose Loo-norm is bounded by an absolute constant, and which satisfy 
certain other technical conditions (see Proposition 13.51 for the precise statement). In 
what follows we call such functions by "simple functions". We emphasize that iVo 
is a constant independent of /. Thus, we can restrict ourselves to the case where 
/ is a "simple function". In the second part of the proof, we construct an explicit 
collection J= = {f ,fi,f 2 }, where G C™(W 2 ), and i = 0,1,2. Using an averaging 
procedure (Proposition 13. 6L we show that every "simple function" / G C^°(W 2 ) can 
be approximated arbitrarily well in the C°°-topology by a sum of the form 

J2 a i,k^*i, k fk, where V i>k G Ham c (W/ 2 , u), k G {0,1,2}, 

i.k 

and such that \ a i,k\ — C||/||oo fo r some absolute constant C. Combining this with 
the above definiton of j| - ||jr jmaa! , we conclude that ||/||j-, maa: < CII/IU, for every 
/ G C^°(W 2 ). This completes the proof of Theorem 13.41 in the 2-dimensional case. 

The local higher-dimensional case: The proof of Theorem 13.41 for arbitrary di- 
mension strongly relies on the 2-dimensional case. We extend (in a natural way) the 
construction of the above mentioned collection F = {f Q , fx, f 2 } to the 2n-dimensional 
case. By abuse of notation, we shall denote the new collection by J 7 as well. Based 
on the proof of Theorem 13.41 in the 2-dimensional case, and on the construction of the 
class J 7 , we show that Theorem 13 . 41 holds for "product functions", i.e., for / G C%°(W) 
of the form / = Y\™ =1 fi(qi,Pi), where fi G C^iW 2 ). From this we derive, using a 
Fourier series argument, that the norm || • ||jF ma:r is dominated from above by the 
|| ■ || C 2n+i-norm, i.e., for any / G C%°(W) one has 

\\f\\T,ma X < CWfWcto+i, (2.1) 

for some constant C (see Proposition 13.141 for the proof of the above two claims). 
Next, for any e > 0, we construct a partition of unity function lZ e : M? n — > K, with 
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supp{lZ € ) C (— e, e) 2n , and such that 

K e {x - v) = t(x) 

For any w G X := {0,l,2,3} 2n , we consider a finite grid Y e w <ZW given by: 

r w = ew + 4eZ 2 ™ n (-L + 3e, L - 3e) 2n , 

and define 



/ w (x)= ^^ 6 (x-v)/(x) 



\2n 



Note, that for e sufficiently small such that supp (/) C (— L + 4e, L — 4e) , one has 



x 



wex 



For any 10 G j£, the function /„, is a finite sum of smooth functions that lie near the 
points of the grid r^. Moreover, these functions have mutually disjoint supports, 
which are spaced commodiously. Next, we fix to G X, and for any v G T e w we 
consider the decomposition of / G C£°(W) as a Taylor polynomial of order In + 1 
and a remainder, around the point v (this specific choice of the order ensure, based 
on flUXD , the estimate (I2T21 below): 

We decompose each as = g w (x) + h w (x), where 

fl^s) = ~ t ') p 2n+i( a; ~ u )> and h ™( x ) = ^^(x- v)R v 2n+1 (x - v). 

Based on (12.1 p . in Lemma [3. 161 (cf. Corrolary 13.17ft we show that the || • ||jr imaa; -norm 
of the reminder parts {h w } can be taken to be arbitrarily small. More precisely, 

|| ^to || T.max ^ C\ || h w \\ c^+i < C 2 e||/||c2™+2, (2.2) 

for some constants C\ and C^. On the other hand, using a combinatorial argument 
and the above mentioned fact that Theorem 13.41 holds for "product functions" , we 
prove the estimate 

2n+l 

\W\\T, m ax^C z {Y,y\\c^) (2-3) 
i=0 

for some constnat C 3 . Combining the above estimates (12.2 I) and (12.3 \ for all wGl, 
and taking e — > 0, we conclude that for every / G C%°(W) one has 

||/||j-,max ^ C4H/H00, 

for some absolute constant C4. This completes the proof of the theorem. 
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3 A Local Version of the Main Result 



In this section we prove a local version of our main result (Theorem 13. 41 below), which 
would later serve as the main component in the proof of Theorem 11.31 

Consider an open cube W = I 2n C R 2n , where I = (-L, L) C R is an open 
interval. Endow W with linear coordinates (qi,pi, ■ ■ ■ , q n ,Pn), and with the standard 
symplectic structure u = dp A dq descending from R 2n . For a finite non-empty 
collection T of functions in C^°(W), we define the space 

L T : = jj^ a | Ci G R, $,e Ham c (W, u), fi G J 7 , and #{z | q ^ 0} < ooj 

i 

We equip Cjr with the norm 

||/||^:= inf£>l> 
where the infimum is taken over all the representations / = q $* fi as above. 
Definition 3.1. For any compactly supported function f G C%°(W), let 

\\f\\T,max = inf { liminf (3.1) 

where the infimum is taken over all subsequences {fi} in Cjr which converge to f in 
the C°° -topology . If such sequence do not exists, we set \\f\\^max = +oo. 

Remark 3.2. It follows from the definition above that II - ma x is homogeneous, 
Ham c (W, o;)-invariant, and satisfies the triangle inequality^. Moreover, let {ft} be a 
sequence of smooth functions that converge in the C°°-topology to /, and such that 
for every k ^ 1 one has j- t max ^ C for some constant C. Then ||/||^ )ma x ^ C. 
The fact that || ■ ||jr )OTaa . is non-degenerate (i.e., ||/||j- jmaa . = if and only if / = 0) 
follows from the next lemma. 

Lemma 3.3. Let T C C%°(W) be a non-empty finite collection of smooth compactly 
supported functions in W. Then, any Ham c (W,u) -invariant norm || • || on C£°(W) 
which is continuous in the C°° -topology, satisfies || • || ^ C\\ ■ \\jr tmax f or some absolute 
constant C . 

Proof of Lemma l3~3l Let C = max{||#||; g G J 7 }. For any / = ^Cj$*/j G Cj-, 
one has: 

11/11 < ^IqHI^H < < C\\f\\r,ma X (3.2) 

The lemma now follows from combining (13.2 h . definition (13.1 I) , and the fact that the 
norm || ■ || is assumed to be continuous in the C°°-topology. □ 

4 Whcn || • || max = +oo, these statements are trivially true. 
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The following theorem, which is a "local version" of Theorem ll.3[ shows that 
for a suitable choice of a collection J 7 , the subspace £jr C C%°(W) is dense in the 
C^-topology, and moreover, that the norm || • ||jr ma:r on C%°(W) is dominated from 
above by the || ■ ||oo-norm. 

Theorem 3.4. There is a finite collection T C C£°(W), such that || • ||jr )moa . is a 
genuine norm on C£°(W), and \\ ■ \\jr tmax < C \\ ■ for some absolute constant C. 

The remainder of this section is devoted to the proof of Theorem 13. 4[ which we 
split into two separate cases: 



3.1 Theorem [33] - the two-dimensional case 

We assume that n — 1, and hence W = (— L,L) x (— L,L). We set z = x + iy, 
where {x, y} are local coordinates on W, and denote by D a = {\z\ < a} the disc with 
radius a centered at the origin, and by D a A = {a < \z\ < A} the annulus with radii 
a, A. The proof of Theorem 13.41 in the two-dimensional case follows from the next 
two propositions, the proof of which we postpone to Subsections 13.1.11 and 13.1.21 

Proposition 3.5. There are positive constants a, A, C such that a < A < L; a smooth 
radial function fx with supp(fi) = Da; and an integer number No e N 7 such that every 
f G C^°(W) with H/lloo ^ 1 can be decomposed as 

No 

where $j G Ham c (W,u) , ej G { — 1, 1}, and gj are smooth radial functions that satisfy: 

supp(gj) = D A , gj = fj on D a , and \\gjWoo < C (3.1.3) 

Proposition 3.6. Let < a < A be positive numbers. Then there exists a smooth 
function F a ^ : M 2 — )■ M with supp(F a A) C such that the following holds: for 
every smooth radial function f : M 2 — > K, that satisfies 

ll/IU < 1, supp(f) C D aA: and / fu = O t (3.1.4) 

there exists an area-preserving diffeomorphism $ : IR 2 — > M. 2 , with supp(§) C D a j \, 
and such that: 

\ §*F atA u = fcj, for any r > 

J D r J D r 

We are now in a position to prove Theorem 13.41 in the two-dimensional case. 
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Proof of Theorem 13.41 (the 2- dimensional case): Let / G C™(W) with ||/||oo ^ 1- 
It follows from Proposition 13.51 above that there are positive constants a, A, C, an 
integer Nq, and a smooth radial function fi with snpp(fi) = Da, such that / can be 
written as 

No 

where $j G Ham c (W, a;), G { — 1,1}, and {gj} are smooth radial functions that 
satisfy (13.1.3 jl . Next, let f 2 be a smooth radial function with suppfa) = D a A such 
that f2 w = 1. Moreover, let f = F aj A be the function provided by Proposition [313 
above. We consider the function 

h 3 := 9j - fl - Cjhi wnere c j = / {9 j - fl) w 

Note that there exists a constant C" such that ||/ij||oo < C- Indeed: 

HMoo < C+ ||fi|| < C + || fl || 00 + 1 1 f 2 1 1 00 ( 7T CM 2 + / |fi|o; 

v Jw 

From Proposition 13.61 it follows that there are area-preserving diffeomorphisms 
with supp(&j) C D a A, such that for any r > one has 

($;f ) w = JL / (3.1.5) 

To complete the proof of the theorem, we shall need the following technical lemma: 
Lemma 3.7. Let f G C^°(D) be a compactly supported function in a disk D. Then 

, N 1 



-I N - „2tt 

- £ /(ze^) ^> — / f(ze ie ) dB, in the topology 
i=i 71 ^° 



Postponing the proof of Lemma 13.71 we first finish the proof of the theorem. 

Consider a compactly supported Hamiltonian isotopy T e A : W — > W, where 9 G 
and such that Tg-(z) = e l6 z in Da- From Lemma [3~71 and (13.1.5 j) it follows that: 



r , N 

-ttY \TL)*<S>* f fy, in C°° topo/o^ (3.1.6) 

iV z — ' JV J 



fe=l 



We set T = {fo,fi,f2}- From (13.1.6 p and Remark [3T21 it follows that \\hj\\ T,max < G' . 
Moreover, by definition one has: ||fi||j- jmaa;) ||f 2 || T,max < 1- This implies that 

Hfl'ill^moa; < C , 
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where C" is an absolute constant given by: 

C" = C + l + nCA 2 + [ If^w 

Jw 

Thus, we conclude that ||/||j-, ma a: < iVo C". This completes the proof of the theorem. 

□ 



Proof of Lemma 13.71 We shall prove the convergence 

_ N 1 /-JJtt 



1 N 1 r 2w 

l Y.f(^)^i /(«-)<» 



in C^(D), for any fcGN. Note that the operators Pn(I) — j? YliLi f( ze ^)i defined 
on the space C*(D), have a bounded operator norm which is independent on N. 
Therefore, it is enough to check that 

P N f^^ T f(ze^)d6, 
^ Jo 

in C*(D) only on some dense subspace. We choose this subspace to be consists of all 
the finite sums: 



Ui(r) cos(Z6>) + Vi(r) sin(/6 l ), 



Sm \Z ) 

1=0 

where u\ and V\ are smooth radial functions supported in the disk D. Note that for 
N > m one has 

J r2ir 



PNSm(z) = u (r) = — — / s m (ze ld ) d6, 
^ Jo 

and hence the statement of the lemma is satisfied in a trivial way. The proof of the 
lemma is now complete. □ 

We now return to complete the proof of Proposition 13.51 and Proposition 13.61 
3.1.1 Proof of Proposition [331 

For the sake of clarity, we fragment the proof of the proposition in several steps: 
Step I: We choose a = j, A = -|. The area of the sector 

7T 

{z e W | a < \z\ < A ; < Argz < -} 



equals to 



vr (L 2 L 2 \ _ 3tt^ 2 L 2 _ Area(W) 



4 V 4 16 J 64 8 32 
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Using a smooth partition of unity, one can decompose / as / = Y^T=i wriere the 
support of each f k lies in an open sub- rectangle of the square W of area Are ^ w > ; 
and ll/felloo < 1. Next, we take compactly supported area-preserving diffeomorphisms 
$ fc : W -)• such that / fc = for k = 1, ... , 33, and SMpp(^) C (0, f ) x (0, f ). 

Denote L\ = ^ and L 2 = 4. From the above we conclude that it is enough to restrict 
ourselves to the case where supp(f) C (0, L{) x (0, L 2 ). Indeed, if the proposition holds 
for such functions, then by replacing iVo with 33iVo, it will hold for any compactly 
supported function / G C^°(W). 

Step II: Following Step I, we assume that supp(f) C (0,Li) x (0,L 2 ). Next, we 
apply the following lemma to the function /. 

Lemma 3.8. Let R = [0, Li] x [0, L 2 ] C M 2 be a rectangle, and let f : W 2 ->■ R 
be a smooth function with supp(f) C int(R), and \\f\\oo ^ 1- Then there exists a 
decomposition f = Y^=i fi> an d compactly supported diffeomorphisms \& \ : R — >■ R, 
i — 1,2, ...,8, suc/i t/iat t/ie functions Qi := ^*fi satisfy \-§^g%\ ^ |f • 

The proof of Lemma 13.81 will be given in Subsection 13.1.31 

Remark 3.9. Analogously to Step I, Lemma 13.81 reduces the proposition to the 
case where supp(f) C (0, L\) x (0,L 2 ), and moreover that there is a diffeomorphism 
* : W -> W with supp(V) C (0, L x ) x (0,L 2 ), such that g = **/ satisfies | < g. 
Indeed, the general case would follow by replacing TVo with 8 • 33 • iVo = 264 AT . Thus, 
we assume in what follows the existence of /, g and \& as above. 

Step III: Denote by 1Z the rectangle [0, Li] x [0,L 2 ]. From the fact that 

71 

Area(TZ) < Area({z G W \ a < \z\ < A ; 0< Arg z < -}), 

one can easily find an area preserving diffeomorphism <3> : W — > W with 

$(7£) = { z G W I a < \z\ < Ax ; < Arg z < ^}, 

for an appropriate a < Ai < A; and such that on TZ, the diffeomorphism $ takes 
the form $(rr + iy) = ri(x)e e ' l( ' i/ \ where 7*1(2;) is a monotone increasing function. Let 
C\ = min^gjo^!] r[(x) > 0, and define h = Note that one can bound the 

radial derivative of h by: 

. d , , 1 . . 12 
max|— n\ < — max| — — g\ < 



Next, we set C 2 = j^^, and fix a smooth radial function fi such that 
supple D Al §- r h{z) < -C 2 for z G D a>Al , ^(z) < for z G int(D A ) \ {0}, 
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and such that the point z = is a non-degenerate maximum for the function fi. We 
denote H = h + fi{z), and observe that H satisfies: 



supp(H) C Da 



: H<0m int(D A ) \ {0}, H(z) = fi(z) in D a U D AuA , 



and that the point z = is a unique non-degenerate critical point of H, which is 
a maximum point. Consider the gradient flow of H. By a standard Morse theory 
argument one can find a diffeomorphism T : W — > W, with supp(T) C -D a ,A ; an d 
such that K := Y*if is a radial function. Finally, we have 

/ = {^- l y g = (m~ l y$*h = (^y^H - (^^ 1 )*$*f 1 

= (v[> _1 )*$*(T _1 )*Ji - ($~ 1 )*$*fi. 
Note, that for z G W \ D a: A, one has 

Indeed, this follows from the fact that supp(^f) C 1Z C $ _1 (-D ai A), and that T is the 
identity on the complement W \ D a ^A- Thus, we conclude that 

(W$ _1 T)*o; = {^^ x )*uj = u, on the complement W \ D a>A 

Next, let S r = {z G W \ \z\ = r}. We shall need the following lemma: 

Lemma 3.10. Let u>' be a symplectic form on W which coincides with the standard 
symplectic form uj on the complement W \ D a A , and such that f w u' = Lw. Then, 
there exists a diffeomorphism A : W — > W supported in D a A , such that for every 
a < r < A, one has A(S r ) = Sr, for some a < R < A, and such that A*u = u' . 

Proof of Lemma 13.101 Consider the function S : [0,L) — > [0,oo), defined by 
S(r) = j D oj' '. Note that S is a smooth function, and that S(r) = nr 2 for every 
r G [0, a] U [A, L). Define a diffeomorphism Ai : W — > W, supported in D a>A , by 



and extend it by the identity diffeomorphism to the whole W. Denote oj" = (A~[ )*oj', 
and note that j D oj" = nr 2 for r $C A, and oj" = oj' = oj on W \ D a A- Next, we 
explicitly construct a diffeomorphism A2 : W — > W supported in D a A , such that 
oj" = AgW, and for < r < L, it takes the form A 2 (r, 9) = (r, F(r,9)), for some 
smooth map F : (0, L) x S 1 — > S 1 . To this end, note that oj" = Goj for some positive 
function G : W — > (0, 00), such that G — 1 on W \ D a ^A- Moreover, 





for all < r < L 



13 



After differentiating this equality we obtain 

i-2-n 

/ G(r, 9) d9 = 2tt, for every < r < L (3.1.7) 
Jo 

On the other hand, we require A 2 to satisfy: 

A^oj = rF e (r, 9)dr A d6 = F 6 (r, 9)tu, for every r G (0, L) 

Thus, the condition oj" = A^oj is equivalent to Fg(r,9) = G(r,9), for r G (0,L). We 
define 

F(r,8)= [ G(r,s)ds, for r G (0, L), G [0, 2vr) (3.1.8) 

In light of ( 13.1.7 p . we obtain a smooth map F : (0, L) x S 1 5 1 . Moreover, since 
G = 1 on W \ D a A, one has F(r,9) = 9 for r G (0, a] PI [A, L). Therefore, defining 
A 2 (?", #) = { r -,F{r,9)) for < r < L, where F is given in (13.1.8 p . we obtain a 
diffeomorphism of Dl supported in D a ^. We extend A 2 to the whole W by the 
identity diffeomorphism. Note that oj" = A^oj, and hence oj' = A\oj" = A*A 2 w. 
Denoting A = A2A1, we conclude the statement of the lemma. □ 

We return now to the proof of the Proposition. By applying Lemma 13.101 to the 
forms oj' = ('ty<&~ 1 T)*oj and oj" = (^Q'^oj, we obtain two diffeomorphisms A', A" 
such that A'*oj = (*$- 1 T)*a;, and A"*oj = (*$~ 1 )*o;. Denote $' := A'T _1 $\I/ _1 , 
$" : = A"**" 1 . Note that $" G R&m c (W,u), and that 

/ = (*- 1 )*$*(T _1 )*iif - (^~ x )*$*fi = (*- 1 )*$*(T- 1 )*(A / )*i<: - (vp-^'^^A'O'fi 
= - ($")*fi 

The decomposition / = (<&')* K — ($")*fi shows that the proposition holds for / as 
in Remark 13.91 with only two summands in the decomposition, and with C = ||fi||oo- 
Therefore, we obtain the conclusion of Proposition 13.51 with Nq = 264 • 2 = 528. 

3.1.2 Proof of Proposition 

We start with a construction of a function F, such that for any smooth radial function 
/ : R 2 — > R, satisfying the conditions (13.1.4 j) one can find a diffeomorphism (not 
necessarily area-preserving) \l/ : R 2 — > R 2 supported in Da such that for any r > 0: 



and, 




/ V*(Foj) = [ fu. 

J D r J D r 
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(3.1.9) 
(3.1.10) 



We shall take the function F to be of the form F(r, 9) = <f)(r)ip(9), where 0, ip are 
smooth functions. We assume that 0(r) = 0, for small enough r, and that 0(r) = 1 for 



r ^ a. The function ijj is assumed to satisfy ip(9)d9 = 0, and would be determined 
in the sequel. Moreover, 



(3.1.11; 



' R(r, 9) = y/u(r)fj,(e) + v(r)u(e), 
u(r) = v(r) = r 2 for r ^ a or r ^ A, 
u'(r),v'(r) > for r > 0, 

{ fi(9) + = 1 

Here, /i, ^, u and are smooth functions that would be determined explicitly in 
the sequel. Note that conditions (13.1.11 \\ ensure that \1/ is a diffeomorphism of M 2 
supported in D a ^. Next, we compute 



and 



y*u = R(r, 9)R' r (r, 9)dr Ad9 = - (u'(r)fi(9) + v'{r)v{9))dr A d9, 



<I/*(Fu) = F{R{r,9),9)R{r,9)R' r {r,9)dr Ad9 

= -<f>(R(r, 9))i)(9) (u'(r)fi(9) + v'(r)u(9))dr A d9. 



After differentiating by r and some simplification, conditions (13.1.9 p . (13.1.10 p become 

u\r) j fi(8)d8 + v'(r) / v{9)d9 = 4vrr (3.1.12) 
Jo Jo 

and, 



u'(r) / <f)(R(r,9))ij(9)fi(9)d9 + v'(r) / <j)(R(r,9))i){9)v{9)d9 = Anr f{r) (3.1.13) 
Jo Jo 

Note that when r ^ a, one has i?(r, 0) ^ a, and condition (13.1.13 I) turns to: 



2rv 



u'(r) / xjj(e)fi(9)d9 + v'(r) / xjj(8)i/(8)d6 = 4irrf(r 



2tt 



(3.1.14) 

'o jo 
Next, we choose the functions v to be any smooth functions satisfying: 

' f* n i>{0)(j,{6)d9 = 2tt, 
J 2w ' i/>(6)v{6)d9 = -2tt, 

J 2 " //(0)d0 = J 2 " i/(0)d0 = vr, (3.1.15) 
^(0)^(0) ^0, 
[ /*(*) + v{0) = 1 
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Note that this choice of ip, /jl, v do not depend on the function /. Moreover, with the 
above choice, for r ^ a, equations ( 13.1.12 j) and (13.1.14 j) become 

u'ir) + v'ir) = 4r, 

(3.1.16) 

u'{r) — v'(r) = 2r/(r) 

Next, we consider equations (13.1.16 p for every r ^ 0, with initial conditions u(0) = 
v (0) = 0. There is no difficulty in checking that the solutions of this system are 



u(r) = f; S (2 + f(s))ds, 
v(r) = f r ]s(2-f(s))ds 

One can easily check, that as required, the function u and v satisfy 

u'(r),v'(r) > 0, for r > 0, 
u(r) = v(r) = r 2 , for r ^ a and r ^ A 



(3.1.17) 



(3.1.18) 



Moreover, by definition, they satisfy equations (13.1.12 p and (13.1.13 I) when r ^ a. 
Let us now show that these equations hold for r < a as well. First, note that 
equation (13.1.12 I) clearly holds when r < a. Second, by defintion, for r < a one has 
u(r) = v(r) = r 2 , and R(r, 9) = r. Hence, we compute 

u'(r) / (j>(R(r,6))<ip(6)pL(6)d6 + v'(r) / cj){R{r ) 9))i){9)v{9)d9 
Jo Jo 

= u\r)(j){r) / ^{e)n{9)de + v'{r)(j){r) / i){9)v(9)d9 
Jo Jo 

/ t 2lV /•27T 

= 2r0(r)(j *l){9)ii{9)d9 + J ^(9)u(9)d9 

= 2r0(r)(2vr - 2tt) = 

Combining this with the fact that supp(f) C D a ^A, we obtain that the functions u 
and t>, satisfy ( 13.1.12 I) and ( 13.1.13 p for all r ^ 0. We conclude that the resulting 
diffeomorphism \l/ satisfies conditions (13.1.9 p and (13.1.10 I) . Furthermore, since the 
diffeomorphism \1/ satisfies (13.1.9 I) , and supp(^) C -D a ,A, by using a similar arguments 
as in the proof of Lemma (3.1.5) from [16], we conclude that there exists an area- 
preserving diffeomorphism $ : R 2 — > M 2 , with supp(§) G D a ^A, such that $(D(r)) = 
ty(D(r)) for any r > 0. Thus, we obtain 

/ ($*F)w= / = / Fco= [ Fu= j ^*{Fu)= [ feu, 

J D r J D r J<S?(D r ) J^(D r ) J D r J D r 

and the proof of the Proposition in now complete. 
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3.1.3 Technical Lemmata 



In this subsection we prove Lemma I3~8l which was used in the proof of Proposition [33J 
We start with the following preparation: 

Lemma 3.11. There is a smooth function : R — > R with the following properties: 

1. supp{4>) = [0,3], 

2. <j>{t) > 0, for t G (0,3), 

3. <j)'(t) > 0, for t G (0,3/2), and <f>'(t) < for t G (3/2,3), 

t6(0,3) V 7 t6(0,3) 

Proof of Lemma 13.111 Consider first the smooth function / : R — > R, defined by 

e~^, for x > 0, 
0, for x ^ 



Note that for x > 0, one has 



X 4 



and hence f"{x) > for x G (0, 1), and /"(0) = /"(l) = 0. Note moreover that 

f"(x)f(x) - f'{xf = (^M)V(x) 2 = -le-S < 0, for x G (0, +oo) 

We approximate, in the C°-norm, the function /"|[o,i] arbitrarily close by a smooth 
positive function h : [0, 1] — > [0, oo), such that h(x) = f"(x) for x G [0, |], and such 
that /i(x) = near a; = 1. Next, consider the smooth function F : [0, 1] — > R, that is 
uniquely determined by the requirements F"(x) = h(x), and F(0) = F'(0) = 0. Note 
that the function F is arbitrary close, in the C 2 -topology, to /|[o,i], and F{x) = f(x) 
for x G [0, -]. Moreover, the requirement that /i is C°-sufficiently close to /"|[o,i] 
ensures that F"(x)F(x) — F'(x) 2 < 0, for every x G (0, 1). We further observe that 
by definition, F"(x) + F"(l — x) > for all x G (0, 1), and that F(x) is a linear 
function near x — 1. Finally, we define : R — > R as follows: 

' £g) for xe [0,1], 

2F(1) " F( 2 7 ( ;i" F(2 " X) for XG (1,2], 

= S F(3 -x) f c , ,i 

forxG(2,3J, 
for x ^ [0, 3] 
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It follows immediately from the definition that is a non-negative smooth function, 
with supp(<f)) = [0, 3]. Note moreover that 4>(x) = 0(3 — x), and that for x G (1, 2): 

U \»( \ —F"(x — 1) — F"(2 — x) ^ 

(^l(i,2)) i x ) = 2F(1) (3.1.19) 

Combining this with the fact that 0'(3/2) = 0, we obtain that <f)'(x) > for x G 
(1,3/2), and (j)'(x) < for x G (3/2,3). Furthermore, from the definition of the 
function F, it follows that <f)'(x) > for x G (0, 1] and 0'(x) < for x G [2, 3). Thus, 
we conclude that <fi satisfies the first three requirements of the lemma. We next turn 
to show that <fi satisfies the forth one. Note that cj>" (x)(f>(x) — <fi'(x) 2 < for x G (0, 3). 
This follows from the analogous property of F for x G (0, 1) U (2, 3); from (13.1.19 I) for 
x G (1, 2); and from the fact that 0"(x o )0(x o ) - 0'(x o ) 2 = -0'(x o ) 2 < for x = 1, 2. 
Moreover, from the definition of the function <p it follows that Mx) ~ for x 

2 

close to 0, and 4>(x) ~ e~3=^ for x close to 3, where ~ means arbitrary close in the 
C 2 -topology. Therefore, we obtain: 

(f)"(xU(x) - (j)'(x) 2 , (j>"(x)(j>{x) - (j)'(x) 2 
lim 17^5 = hm TT^> = 

x^0+ (p{X) z x->3" (p{X) z 

From the above we conclude that: 

0"(x)0(x) - <P\xf ^ 
sup . . < u, 

x G (o,3) 9{xr 

as required. Finally, there is no difficulty in checking that ^ neZ 0(^ + n) = 1. The 
details of this last step are left to the reader. □ 

Lemma 3.12. Let R = [aci, fa] x [a^,/^] C M. 2 be a rectangle, and consider two 

smooth non-negative functions u : [oti,fa] — > R, and v : [ai2, fa] — > M, positive on 

-i -i 
(ai,/?i) and (a>2,fa) respectively, such that u(x) = e x ~ a ^ near a\; u(x) = e^~ x near 

-i -i 
fa, v(y) = e y -°"2 near and v(y) = e^-v near fa. Moreover, let <fi(x) be the 

function described in Lemma \3 . 1 1\ above, and let F : IR 2 — >• K. be any smooth function 

that satisfies: 

1. supp(F) = R 

2. F(x, y) > for (x, y) G int(R) 

3. F(x,y) = u(x)v(y) near the boundary of R 

Then there exists an eo > 0, such that for any < e < €q, and a G M, the following 
holds: denote by G(x,y) = F(x,y)(p(^ 3L ), and assume that G / (this holds when 
(ai, fa) H (a, a + 3e) ^ Moreover, set U = supp(G) = [ai,a 2 ] x [a 2 ,fa]. Then, 
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there exists a smooth function c : [a^,/^] — > (01,02)? which is constant near ct2,02, 
such that for any y G (02, P2) one has: 

■§^G{x, y)>0, fora 1 <x< c(y) , 
^G(x, y) < 0, for c(y) < x < a 2 

Proof of Lemma 13.121 From the above assumptions it follows that there exists 

-1 -1 

a i < 7i < Si < /3i, such that u(x) = e x - a ^ for oti < x < 71, u(x) = e^~ x for 
Si < x < 0i, and F(x,y) = u(x)v(y) when x G (0:1,71] U [81, 0i). Pick some 7^, <5[, 
such that «i < 7^ < 71 < Si < S[ < 0i, and denote ei = min{ 7l ~ 71 , - 3 Sl }. Next, take 
any < e < ei, and any a G E, and consider the function G(x,y) = F(x,y)(f)(^ Iz ^). 

Case I: Assume a G pyi,^]. Then, one has 7^ ^ a < a + 3e ^ S[, and therefore 
supp(G) = [a, a + 3e] x [o 2 , #2]. Fi x some y G (02, Z^)- Our goal is to show that for 
sufficiently small e (which is independent of y ), there exists a value c(yo) G (a, a + 3e), 
such that -^G(x, yo) > 0, for a < x < c(yo), and -^G(x, yo) < 0, for c(y ) < x < a+3e. 
For this end, we compute: 

f x G{x,y ) _ £F(x,y ) , 1 



+ 



G(z,y„) ^foj/o) e^) 
Note that, the function x >->■ G(x,y ) is a positive function, supported in [a, a + 3e]. 



Thus, 9^ x,y °} = at least at one point 16 (a, a + 3e) (e.g., at the maximum point 
of x 1 — y G(x,yo)). Let us show next that: 

d —G(x v ) 

-t- 9 *, ' ° < 0, for all x G (a, a + 3e) (3.1.20) 
ox &{x,yo) 

We start by claiming that ^ a ^ ^ is bounded on [7^,^] x (o 2 , Z^)- Indeed, from 
the assumptions of the lemma it follows that F(x, y) = u(x)v(y) near the boundary 
of R, and therefore there exist o 2 < 7 2 < S 2 < 02, such that F(x,y) = u(x)v(y) for 
y G [02,72] U [62,02]- Thus, for a point (x,y) near the boundary of R, one has 

9 4-F(x,y) d u'(x) u"(x)u(x) - u'(x) 2 



dx F(x,y) dx u(x) u(x) 2 ^ 

Restricting ourselves to the case where x G [7^,^] and y G [02,72] U [82,02], and by 
noticing that u\r ai ^-A is strictly positive smooth function, we obtain that the function 

~§x dX F(x X y)' > 1S Dounc ied on [7^,^] x ((02,72] U [82, 02}) ■ On the other hand, because 

of compactness, the function ^ 8x f(^^ * s bounded on pyi,^] x [72,^2]- Hence, we 



conclude that 9x ^ x ^ is bounded on [7^^] x (a 2 ,0 2 )- Next, note that 

d 1 ^(2=2) 1 0»(2=a)^(2=2) - <//(^) 2 x 
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From Lemma 13.111 it follows that 

sup M < 0, (3,,3, 

te(o,3) 

and hence ( 13.1.22 I) can be chosen to be arbitrarily negative. As a conclusion, we 
obtain that for sufficiently small e, say < e < €2, one has 

g JLq( x v ) 

dx V ; < 0, for every (x, y) G supp(G) = [a,a + 3e] x (a 2 , #2) (3.1.24) 



<9x G(x,y) 



Moreover, for any y G (a 2 , /3 2 ), there exists therefore a unique x := c(y) G (a, a + 3e) 



such that 8x ( ^ ( <yX 'f > =0. It follows from (13.1.24 p and the implicit function theorem, 



G(x,y) 



_9_Q( X y) 

that the function y H- c(y) is smooth for y G (0:2, /3 2 ). Moreover, since ^ is 
independent of y, when y is close to a 2 or to /3 2 , it follows that y i->- c(y) is constant 
near the endpoints a 2 , /3 2 . This completes the proof of the Lemma in Case I. 



Case II: Assume that a < j[ or a > S±. Here we have [a, a+3e] C (—00, 7i)U(5i, +00). 
Therefore, the function 

d F(x,y) u\x) 



dx 



F(x,y) u(x) 

is independent of y, as well as 

£G(x,y) _ u'(x) l ^(g=g) 
G(x,y) e0(^)' 

for (x,y) G supp{G). Also, for (2, y) G supp{G) one has 

a £F(x,y) _ d_v!{x)_ _ u"{x)u{x) - m'(x) 2 
<9x F(x,y) dx u{x) u(x) 2 

-1 -1 
Thus, since ix(a;) = e*- ! for x G («i, 71), and u(x) = e^~ x for x G we obtain 

^ < 0, for (x, y) G supp(G) 



dx F(x,y) 

As in Case I, by combining (13.1.22 I) and (13.1.23 I) , one has 

d 10'(^) 

Therefore, we conclude that 

& V ; < 0, for (2, y) G supp(G) 



dx G(x,y) 
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As in the previous case, since x — > yo) is positive in the interior of its support 
supp{G) = [ai,a 2 ] x [a 2 ,/3 2 ], for each fixed y G (a 2 ,/3 2 ) there exists x G (ai,a 2 ) 
such that Jj^G(x,y ) = 0. Therefore for each fixed y G (« 2 ,/3 2 ), there is a unique 

x = c(y ) G (ai,a 2 ), such that 9x q^^ = 0. Moreover, since the function ^qht^ 
is independent of 7/ for (x,y) G supp(G), we conclude that the function y i— > c(y) is 
constant on (a 2 , /3 2 ). This completes the proof of lemma I3T21 □ 

Lemma 3.13. In the same setting as in Lemma lS.l^ for any open neighborhood V of 
U = supp{G) = [cti,a 2 ] x [a 2 ,/3 2 ], there exists a compactly supported diffeomorphism 
$ : V V, such that H = $*G satisfies \£H\ ^ , and supp(H) = supp(G). 

Proof of Lemma 13.131 We divide the proof of the lemma into two steps: 



Step I: Let V be an open neighborhood of U = supp(G) = [ai,a 2 ] x [a 2)l 5 2 ]. Take 
5 2 < a 2 < 02 < 02, such that [a\, a 2 ] x [5 2 , 2 ] C V. Moreover, take a\, a 2 such that 

ai < a\ < min c(y) < max c(y) <a 2 <a 2 , 

and, 

„ ai + a 2 ~ 
a 1 < < a 2 . 

One can easily find a smooth family of diffeomorphisms /* : (ai,a 2 ) — > (ai,a 2 ), 
t G (ai,a 2 ), such that: 

supp(f) C [ai,a 2 ], 
f\^)=t, 

a l "l~ a 2 

We extend the function c(y) to a smooth function on the interval (5 2 , /3 2 ), such that 
c(y) = ai + a2 ; for y close enough to the points 5 2 , /3 2 . Next, define a diffeomorphism 

*i : (ai,a 2 ) x (a 2 ,0 2 ) -> (ai,a 2 ) x (5 2 ,/3 2 ) 

by the requirement: 

*i(x,y) = (r^(x),y). 

It is not hard to check that the diffeomorphism ^ is the identity near the boundary 
of the rectangle (ai,a 2 ) x (a 2 ,0 2 ), and therefore one can extend it by the identity, 
allowing ourselves a slight abuse of notation, to a diffeomorphism \Pi : V — > V. 
Denote G\ = ^\G. It follows from the definition of that for y G (a 2 ,/3 2 ), one has: 

£G 1 (x,y)>0, fora 1 <x<^, 



(3.1.25) 



a ; Gi(x, y) < 0, for a±« < x < a 2 , 
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and moreover that supp(Gi) = [01,02] x [0:2,^2], and Gi(x,y) = U\(x)vi{y) for x G 
[ai,a 2 ] and y being near a 2 or [3 2 , where u\{x) = {f c ^ a2 ^ > )*{u{x)(f){^ :z ^)) 1 V\{x) = v(x). 



Step II: 

Let < e < ^^q 1 1 and consider three families of smooth positive functions Xj '■ 
[ai, a 2 ] — > [0, 1], where j = 1, 2, 3, such that the following holds: 



Xs( x ) 
and moreover, 



1, for x G 

0, for x G 

0, for x G 

1, for x G 

0, for x G 

1, for x G 



a uai + €] U [2i±2a 



' 2 

ai+i 
2 



ai + 2e, - 2e] U [2i±a 



h e] U [a 2 - e, a 2 ] 
2e, a 2 - 2e], 



a 1 + 2e,si±2a _2e], 
ai,^i±2a + e ] U [a 2 - e, a 2 ] 

2i±^ + 2e,a 2 -2e], 



X 2 0) > 0, for x G (ai + e, 



2 



Xl(^) > 0, for x G 



' ai+02 



+ e, a 2 - e). 



Next, denote by C£°([ai,a 2 ]) the set of smooth functions [ai,a 2 ] — >■ K, such that 
the derivatives of any order (including zero) vanish at the boundary points a\ and a 2 - 
Fix g G Co°([ai, 02]), and define fa e (x) by: 

h e {x) = g'{x)x{{x) + A X2 (x) - B X l(x), 



where A and B are two constants given by 

.4 



g{^)- C T2 g'(x)xt(x)dx 



ai+02 

J 2 xlO)^ 



and 



Note that one has: 



and 



B 



g(^) + f^g'(x)xl(x)dx 
2 



"l+ a 2 
2 



2 

,ai + a 2 , 



h t (x)dx = g( 



(1 2 



2 ' 
ai + a 2 , 



h e (x)dx = -g( 

il+"2 Z 
2 
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Let g e : [01,02] — > M be the unique function such that g' t (x) = h e (x), and g e (a>i) = 0. 
It follows from the definition that 

/ \ / \ r _ r ,CL\ ~\- CL 2 CL\ -\~ CL2 i r i 

g e (x) = g(x), for x G [ax, a ± + e\ U [ — e, — - h ej U [a 2 - e, a 2 J, 

and in particular, g e G C£°([eii, 02]). Note moreover that if g(x) satisfies g'(x) > for 
x G (a x , 2i±«a) an d < for x G (^±^,02), then so is g e (x) i.e., c^(x) > for 

x G (ai, ^±sa) and ^(x) < for x G (2i±2a, a 2 ). 

Next, we define a family of operators L t : C^°([ai, a 2 ]) — > C^°([ai, 02]), by the 
requirement that L e g = g e . It is not hard to check that L e is linear, and continuous 
in the C°°-topology. Moreover, let 

Z e := [ai, at + 2e] U [^1±^ _ 2e , ^i±^ + 2e] U [a 2 - 2e, a 2 ] 

Then, from the definition of <7 e , and the fact that X2 an d X3 has disjoint support, one 
has the following estimate: 

max ^ max |</(x)| + max{|A|, \B\}. 

[01,02] x£l t 

Furthermore, from the definition of A and B one has: 

|s(^)|+4emax xeI Js'(x)| 



Ai B < 



a.2— Ol Ac 

2 



Therefore, we conclude that 

\a( ai+a2 )\ f A e 
max \g'(x)\ ^ ' „ 2 ;I + 1 + — ) max \g'(x)\. (3.1.26) 



01,02! 



2 " \ 2 



Next, define i? e : [a x , a 2 ] x [a 2 , -> M by if e (-, y) = L e Gi(-, y) for every y G [a 2 , 2 \. 
Note that #e| [01,02] x[a 2 ,/8 a ] i s a smooth function. Moreover, if e > is small enough, 
then from (13.1.26 [) we conclude that 

\-^-H e (x,y)\ < ^— ^ = 3 ^ 00 , for every (x,y) G [di,a 2 ] x [a 2 ,/3 2 ] 
ax a 2 — ai 02 — ai 

We fix such an e, and set H := if e . From the definition of H and (13.1.25 p one has: 

4-H(x, y) > 0, for en < x < ^4^, 

*" ^ ' 2 (3.1.27) 

£H{x,y)<0, for^<x<a 2 , 

for any 7/ G (a 2 ,/? 2 ). Furthermore, 

H(x,y) = G 1 {x,y) (3.1.28) 
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for x E [ai, ai + e] U [Si±33. _ 6j £i±£i + e ] y [ Q2 _ C) Q2 ] ) anc i y e ( a2) p 2 y Note moreover 
that since the operator L e is linear, one has that H(x,y) = (L e Ux)(x)vx(y) for any 
x G [ai, a 2 ] and y being near the boundary points a 2 or fa- 
It follows from (13.1.27 j) and (13.1.28 p above, that there is a unique diffeomorphism 
^2: (01,02) x (a 2 , fa) ->■ (01,^2) x (a 2 ,fa), of the form \l/ 2 (x, y) = (w(x,y),y), such 
that 

-^|(ai,a 2 )x(a 2 ,^2) = ^2^1 1 (ai ,02) X (a 2 ' 

and swpp(^) C ([ax + e, 2l | 2a - e] U + e, a 2 - e]) x [a 2 , /3 2 ]. Moreover, we have 

Gi(x,y) = Ux(x)vi(y), H(x,y) = (L e ux)(x)vx{y) for x G [ai,a 2 ] and y being near a 2 
or fa. From this we conclude that w(x,y) is independent of y, for y being close to 
a 2 , fa- From Step I, we have 5 2 < a 2 < /3 2 < /3 2 , such that [cti,a 2 ] x [5 2 ,/3 2 ] C V. 
One can easily extend the diffeomorphism \l/ 2 to 

^2 : (ai,a 2 ) x (a 2 ,fa) ->> (ai,a 2 ) x (a 2 ,fa), 

such that \l/ 2 is the identity diffeomorphism near the boundary of (ai,a 2 ) x (a 2 ,fa). 
Then we can extend \P 2 by the identity to be a diffeomorphism \P 2 : V — > V. We have 
H = *|Gi. 

Finally, denote $ = ^1^2: — >■ V. The diffeomorphism $ is compactly sup- 
ported inside V, and H = $*G satisfies 

I— H\ ^ — - — — , and supp(H) = suppiG) 
ox a 2 — a± 

This completes the proof of the lemma. □ 

We are finally in a position to prove Lemma 13.81 

Proof of Lemma 13.81 Let / : R 2 — > R be a smooth function with \\f\\oo ^ 1, and 
supp(f) C int(R). We fix some parameters a\, fa, (3[, where i = 1,2, such that 
< ai < a[ < < fa < Li, for % — 1, 2; fa — a± > \L\\ and 

supp(f) C int([a[, P[] x [a' 2 ,fa 2 ]) C int([ax, fa] x [a 2 , fa]) C int(R) 

-1 

Moreover, we choose a smooth function u : [0, L±] — > R, such that u(x) = e x ~ a -\ near 
-1 

a\, u{x) = e^- x near fa, u(x) = 1 on [o^,/^], and ||m||oo = 1- Similarly, we take 

-1 -1 
v : [0, L 2 ] — > R, with v(y) = e y - a ? near a 2 , v(y) = e^-v near fa, v(y) = 2 on [a 2 ,/3 2 ], 

and || v || oo = 2. Next, we consider the decomposition / = Fx — F 2 , where 

Fi(x, y) = f(x, y) + u(x)v(y), and F 2 (x, y) = u(x)v(y) 

We have y)\\oo ^ 3 for q G {1,2}. From Lemma 13.131 it follows that there is 

e > such that for any < e < eo, and any a G R, the following holds: let G q (x, y) = 
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F<;(x, y)4>{^-^), where q G {1,2} (we may and shall assume in what follows that 
G q ^ 0). Take V q to be any open neighborhood of U <; := supp(G t; ) = [a\, a^] x [a 2 , Pz]- 
Then, there is a compactly supported diffeomorphism $ ? : V 5 — >■ V ? , such that 
jf t = ($<)*G f satisfies 



IJ^I < ^> and ™2P(#*) = supp(G,) (3.1.29) 

Fix < e < e as above. For nfZ and <j G {1,2} denote = F f (x, y)0(^ 1H )- 
Note that F t = Ylnez an d that only finitely many summands are not identically 
zero. For i = 1, 2, 3, 4, let K ?ji = J^jgz ^?,i+4j- Note moreover that the supports of all 
the non-zero summands of K q i are pairwise disjoint, and F g = £) i=1 an d thus / = 
Z)?=i Si=i^?,i- Next, we fix 1 ^ i < 4. Consider lf ?)io = Sjez^o+4j, and choose 
pairwise disjoint open neighborhoods V^j D supp(G<;,i +4j) of those summands which 
are not identically zero. Now, apply Lemma[3]T3]to each element in the decomposition 
^Q,io = Xljez ^?,«o+4i- We obtain that for any non-zero summand G^ )io+ 4j, there is 
a compactly supported diffeomorphism $^ . : , — > V^-, such that the function 
F L = ( $ i j)* G ?.*o+4j satisfies 

9 

^ ~T~^ 77^ v\v and su PP( H l,j) = su PP(Gs,i +4j) (3.1.30) 

0JI Krr x {supp{G, yio+Aj ))) °' J 

Here tt x denotes the projection to the interval [0, Li], and /i is the Lebesgue measure. 
Note that the supports {supp($? •)} are mutually disjoint. We shall denote by 
the composition of all the 3>i /s for which G fi i 0+4 j ^ 0. Moreover, we denote by II£ k , 
k = 1,2, ...,M io all the non-empty supports among {sMpp(G fi j 0+4 j)}. Note that each 
ITj o fc is a rectangle contained in x [a^,/^]- Consider a sequence of rectangles 

5U == K A] x [«2 + (2fc - 1)^^, «2 + 2^^^] 

It is not hard to check that there exists a diffeomorphism tyt : R — > i?, such that 
^ (n? Q fe ) = n^ o A; , and moreover that on each II| o fe it coincides with a linear con- 
traction on the directions of the axes, composed with a translation. As a result, for 

Kio ■= (*UW )*iQ,io, one has l£^ol < ^7 < g- The proof of LemmaESis 
now complete. 

□ 



3.2 Theorem 13.41 - the higher-dimensional case 

The proof of Theorem 13.41 for arbitrary dimension relies on the 2-dimensional case, 
and on the following proposition, the proof of which we postpone to Subsection 13.2.11 

Proposition 3.14. There is a finite family of functions J 7 C C£°(W), such that: 
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(i) Any f G C%°(W) that can be represented as a product f(q,p) = YYi = i fi(q%, Pi) , 
for some fa G C^°(I 2 ), satisfies that \\f\\j? t max ^ C||/||oo; f or some constant C. 

(ii) For any f G C%°(W), one has \\f\\r im ax ^ C||/||c 2n + 1 j f or some constant C . 

Remark 3.15. In what follows, we fix J 7 to be the collection of functions given by 
Proposition 13.141 above. Moreover, in order to simplify the presentation, we shall use 
x± — q±, X2 — Pi, %2n-i = <lni x 2n = Pm as another notation for the coordinates of a 
point x = (qi,pi, ...,q2 n ,P2n) i n the 2n-dimensional cube W = (—L,L) 2n . 

Proof of Theorem 13.41 (the higher dimensional case). For simplicity, the proof of 
the theorem is divided into two steps: 

Step I (Decomposing the function): We consider a smooth function r : [—1, 1] — > R, 
satisfying: 



r(t) 



1 for t G [-± 



i ii 



3' 3J 



fortG[-l,-§]U[§,l], 



3J ^ L3> 

and such that Y2iPi, r (t + *) = !, and H^Hoo = 1- F° r any e > 0, we denote 



2n 

n e (x) = n e (x 1 ,x 2 , ...,x 2n ) = ri r (~ i ) 

i=\ 6 



Clearly, one has J2 v &eZ 2n ^- e ( x — v) = l(x). Moreover, for a sufficiently small e > 0, 
and a point w G X := {0, 1, 2, 3} 2n , we consider a finite grid Y e w <zW given by 

T e w = ew + 4eZ 2n n (-L + 3e, L - 3e) 2n (3.2.31) 

Furthermore, we define a partition function TZ € w (x) by: 

ni(x)= J2 ne ( x ~ v ) 



Note that J2wex^w( x ) = ^( x ) for an y x e (~ L + 4e, L - 4e) 2n . Next, consider 
arbitrary function / G C£°(W). Take e > with supp (/) C (-L + 4e , L - 4e 
and fix e < e . For any denote f w (x) = 1¥ w (x) f (x) . Note that 

/(*) = £/«(*) 



an 

\2n 
0) , 



Moreover, for a fix w G j£ one has 



/ T0 (x)= £ft £ (x-r;)/(x), (3.2.32) 



where the support of each summand satisfies 

2e 2ei 2 ™ 



supp (TZ e (x — v)f(x)) C v + 
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3 ' 3 



for v G r^, 



Step II (Estimating the norm \\f\\j? tmax ): Fix v G T € w , and consider the decomposi- 
tion of / G C£°(W) to a Taylor polynomial of order 2n + 1 and a remainder, around 
the point t>: 

f(x) = PZ n+1 (x-v)+R v 2n+1 (x-v) 
It follows from (13.2.32 j) above that = g w (x) + h w (x), where 

flU^) = ~ W ) P 2n+l( X ~ V )' and M^) = ^2 ~ V ) R 2n+l( X ~ V ) 

Lemma 3.16. With the above notations, there is a constant C = C(n) such that 

||^u;||c 2 ™+ 1 ^ C e ||/||c 2 ™+ 2 

Proof of Lemma 13.161 From the fact that the family {TZ e (x — v)B% n+1 (x — v)} v( z-p^ 
has mutually disjoint support, and the definition of the norm || ■ ||(72n+i, it follows that 
there is a constant C (depending on the dimension) such that 

||^™(a ; )||c* 2 "+ 1 < max \\lZ e (x — v)Rl n+1 (x — v)\\ C 2«+i 

< C{n) max ( max \\TV{x - v) \\ C k ||i^ n+1 (a; - v) || C 2„ + i-* ) 
»er^ vo<K<2n+i / 

Note that from the definition of TZ e it follows that for every < k < 2n + 1, one has 

\\TV(x - v)\\ ck ^C" e - fc , 

for some constant C (independent of k). Note moreover, that for < k < 2n + 1, 

Kn+i(x ~ v)\\c*+i-k ^ C" ||/|| c2n+2 e 1+fc , (3.2.33) 

for some constant C" . Indeed, let a be a multiindex with \a\ = In + 1 — k, and 
consider the order-/c Taylor's expension of d a f near the point v. The remainder 
equals to d a R% n+1 (x — v), and the estimate (13.2.33 p follows from the standard bound 
on the size of the remainder. This completes the proof of the lemma. □ 

Corollary 3.17. From Proposition 13.141 (ii). and Lemma [3.161 we conclude that: 

\\h w \\ r,max ^ Ce||/||c 2 "+ 2 ; f° r some constant C = C(n) (3.2.34) 

To complete the proof of the theorem we shall need the following proposition: 
Proposition 3.18. There is a constant C = C(n) such that 

2n+l 

\\9 W \W, m ax^C(J2 WfW&J) (3-2.35) 
i=0 

Postponing the proof of Proposition 13.181 to Subsection 13.2.21 we first complete 
the proof of Theorem 13.41 From (13.2.34 p and (13.2.35 I) , letting e — > 0, we conclude 
that 

H/II.F, maz < C||/|| 

for some absolute constant C, and the proof is complete. □ 
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3.2.1 Proof of Proposition IBTTl 

Part (i): Let W = Uti W i^ where W i = (~ L i L ) 2 c ^(ViiPi), and denote by 
T 2 = {fo, fi,f2} the collection of functions constructed in the proof of Theorem 13.41 
in the 2-dimensional case. For any multi-index (3 = (Zi, . . . , Z n ) G £' : = {0, 1, 2} n , we 
set fp(q,p) = rifc=i fhilk, Pk)- In what follows we denote by T the set {fp ; (3 G X'}. 

Consider / G C c °°(W 2n ) of the form /(g,p) = niU where G C~(Wi). 

Let e > 0. From the proof of Theorem 13.41 in the 2-dimensional case it follows that 
there exists functions fi± G Cjr2, % — 1,2, ...,n; Zc G N, such that ~*°°) fa in the 
C°°-topology, and such that ||/i,fe||^ 2 < || fi\ \ max + e. Next, for every 1 < i < n 
and k G N, we decompose 

3,1 

where $^ G Ham c (W i ,w); Z G {0, 1,2}, and, 

Ei<H< iia*ii^ + e ( 3 - 2 - 37 ) 

3,1 

Denote / fc (g,p) = Iff fo fapt). Clearly, / fc ^> / G C C °°(W) in the C°°-topology. 
Moreover, from (13.2.36 p it follows that 

f k = E C 2W)*^ 

0=(h,...,ln) 
l={h,-,3n) 

where 

n 

cZ ,/3 = n4fc 1 ' and ^lf(9uPi,-",q n ,Pn)= (<5>{f{qi,Pi),...,Ki n {qn,Pn 
i=i 

This shows that / fc G and moreover that 

n / \ n 

wfu^ e i^i=n ew <ikiia*ii^ +c ) 

/3=(h,...,l„) i=l J i=l 

j=(h,-,jn) (3.2.38) 

J 72 , moo; 

+ 26) 

i=l 

Recall, that from the proof of Theorem 13.41 in the 2-dimensional case one has 

\\M T 2 , max DC ■ 

for some absolute constant C. Combining this with (13.2.38 I) we conclude that 

n 

ll/*ll^<II( Cf llAll«» + 2c )' 
i=l 
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and therefore 

n 

\\f\\ Timax ^ liminf ||/*||^ ^ TT(C||/ i || 0O + 2e) 

fe— S-CXD ■*■ -*- 

i=\ 

In particular, for any e > 0, one has 

n 

\\f\\r,rna X ^\{{C\\f t \\ 00 + 2e) 

i=l 

Taking e — )■ 0, we obtain 

n 

11/11^ ^C^IJll/ilU = (7*11/1100 
i=l 

This completes the proof of part (i) of Proposition 13.141 □ 

For the proof of the second part of Proposition 13.141 we shall need the following 
preliminaries. Let / be an integrable function on the m-dimensional torus T m , and 
denote its Fourier coefficients by 



(2k) 



where r = (n, . . . ,r m ) G Z m , and t = (t±, . . . ,t m ) G T m . We denote the j t/l -partial 
sum of the Fourier series of / by 

max|rj|<j 

The next lemma is a well known result in Fourier analysis. 

Lemma 3.19. Let f G C°°(T m ). Then Sj(f) f in the C°°-topology and 

\fr\ < A\\f\\ C 2 n+ i, (3.2.39) 

reZ ra 

for some universal constant A. 

Proof of Lemma GLU The fact that Sj(f) ^+ f in the C°°-topology follows, 
e.g., from Theorem 33.7 in Section 79 of [9], and the fact that d a Sj(f) = Sj(d a f) 
for every multi-index a and j > 0. For the estimate (13.2.39 p . we use Lemma 9.5 in 
Section 79 of [9] to obtain the following upper bound for the Fourier coefficients: 



\fr\< A iJ^SS- forallr^O, (3.2.40) 



for some constant A\. From this we conclude that 



p POO 

Y\ \ fr\ < A 2 \\f\\ c , n+ , / / p- 2n - l p 2n - l dpdQ < A 3 H/llc^i, 
where A = A3 is a constant which depends solely on the dimension. □ 
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Remark 3.20. We remark that Lemma 13.191 holds (with different constants) for 
any torus of the form T m = (M/aZ) m , where a > 0. Moreover, the lemma holds if 
instead of the basis {e^r r *}, we choose the trigonometric basis consists of products 
of {cos(^ L r i t i )} or {sin(^rA)} for % = 1, . . . , m. 

We now turn to complete the proof of the second part of Proposition 13.141 

Proposition 13. 14| Part (ii): Let / £ C%°(W). By gluing together the boundary 
of the cube W in an appropriate way, we obtain a well defined smooth function on 
the torus T 2n = (M/2LZ) 2 ", which by abuse of notation we still denote by /. We 
apply Lemma 13.191 to the function / (note the comment regarding the trigonometric 
basis in Remark 13.201) . We order the trigonometric basis in Remark 13.201 by {e^}^. 
Note that each is a product function with ||efc||oo = 1- Denoting the corresponding 
Fourier sums of / by St = Yli=i °i e i- We have Sk — >• / in the C°°-topology and 
SfcLi \°k\ ^ ^4||/||c 2 ™+ 1 f° r some A = A{n). We turn back to the situation where we 
consider / defined on W. Take any smooth cutoff function p : W — > R, which equals 
1 on supp(f), equals near the boundary dW, and which has \\p\\oo = 1 ( one can 
easily find such p, since supp(f) C W). Then we have pSk = Yli=i c iP e i ~^ Pf = f 
in C£°(W), in the C°° topology as well. Moreover, the functions {pek} are product 
functions with ||pefc||oo ^ 1. From part (i) or Proposition I3.14[ and Lemma |3.19[ it 
follows that for a suitable collection J 7 , one has 

k k 

\\Sk\\T,max < ^2 1^1 1 1 P e i 1 max ^ C ^ |q| ^ CA \\ f || C 2n+i . 
i=l i=l 

Hence, from Remark 13.21 we conclude that 

ll/ll^mox ^ C^4||/||c* 2 "+ 1 - 
The proof of the second part of the proposition is now complete. 

□ 



3.2.2 Proof of Proposition [37T81 

For any multi-index a = ...,i2n), where \a\ ^ 2n + 1, denote 

«=(«l,«2,...,V2n)ere, 1 z zn 3=1 

Note that the function g w is the sum of g°, for a = i2n) with |a| ^ 2n + 1. 

Note moreover that each summand of g® is a constant multiple of the function 

2n 



(H( Xj - Vj r)K*(x-v), 



3=1 
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where 



n 

~ a (x) =x*x%...x%K e (x) =n^ 2i_1 ^ 2ir (~) r (") 

1=1 e e 



We shall need the following lemma which will be proven in Subsection 13.2.31 

Lemma 3.21. Lett; £ ((— e, e) 2n ) fre a compactly supported smooth function which 
can be represented as a product £ = Yl!j=i £j{QjiPj)> where £j £ ((— e, e) 2 ). Then, 
for every function H(x) = ^„ er<! a v ^(x — v), where a v are real coefficients and is 
the grid defined in ( \3.2.31 I) , one has 

\\H\\F,max ^ C||-ff||ooj f or some absolute constant C 

Applying Lemma 13. 21[ with £ = S a , to the function H = g®, we conclude that 

II a ll <^ C^W a II II " II * --^ 

1 1 9w II-? 7 , max ^ t — ^ 1 1 5m, 1 1 oo ^ . , . , ; r 1 1 " « 1 1 oo max 



ii!i 2 ! . . . W " ^er& dx^dx^ . . . dx l $ 

< C\\E, 



-<x\\oo\\J NcN 

Since \\r\loo = 1, and supp(r) C (— e, e), it follows that || .Halloo < e' a L Thus, we obtain 

1 1 5^ 1 1 J 7 , max < C e |a| H/llc-lal, 

and hence 

2n+l 

1 1 9w 1 1 J 7 , max ^ 

|a|^2n+l fc=0 

This completes the proof of Proposition 13.181 □ 
3.2.3 Proof of Lemma S2H 

Note first that the grid T e w = ew + 4eZ 2n fl (— L + 3e, L — 3e) 2n admits a decomposition 
into the product T e w = YYi=i lu where ji = r y e i ' w C (-L + 3e, L — 3e) 2 C (-L, L) 2 are 
grids on the plane. Next, let H be as in Lemma \3 .2 II Given a bijection r : T e w — > T e w , 
we denote 

H T (x) = ^2 a r („)£(x - u) 

Lemma 3.22. For any bijection r : — >• T^, one /ias ||i? T ||.F ) max = 11-^11 T,max- 

Proof of Lemma 13.221 It is not hard to check that every bijection r : V e w — > T e w , 
can be written as a product of transpositions that interchange two neighboring points 
of (here, by neighboring points we mean v',v" £ T e w , such that \v' — v"\ = 4e). 
Therefore it is enough to prove the lemma for the case of such a transposition. 
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Let v' = (z[, z' n ), v" = (z'{, z'n) G be a pair of neighboring points, where 
z'^z'l G 7j for i = 1,2, ...,n. There exists 1 ^ k ^ n, such that z[ = z" for i ^ k, 
and moreover z' k ' = z' k ± 4e or z^' = z' k ± 4ez. The union of the neighboring squares 
Q' : = 4 + [-e,e] 2 , and Q" := 4 + [-e,e] 2 is a rectangle S = Q' U Q". Since the 
support supp^k) C (— e, e) 2 , there exists < e\ < e, such that supp(^ k ) C [— ei,ei] 2 . 
Looking on Q' x = zjj. + [— ei, ei] 2 , Q" = + [— e 1 ,ei] 2 C int(S), one can clearly 
move to Q' 2 and Q2 to Q[ simultaneously, using affine translations, such that at 
every moment the images of Q'i,Q' 2 will not intersect, and are contained in int(S). 
Moreover, this can be done by a smooth Hamiltonian isotopy &K k , supported in S, 
where K k (t,z k ) : [0,1] x W k — > R is the Hamiltonian that generates this isotopy, 
and such that we have supp(K k (t, •)) C int(S) for all £ G [0,1]. For any j 7^ k, 
1 ^ i ^ n consider a smooth function Kj(zj) : — > R such that Kj(zj) = 1 
for Zj G zj + [-e,e] 2 and i^fo) = for zj G W,- \ (z'j + [-2e, 2e] 2 ). Now define a 
Hamiltonian if : [0, 1] x W ->■ R by 



Zi,Z2, •••,^n) = K k (t,z k ) 



3+k 



Note that if(t; 21, 22, ■■■,z n ) = K k (t, z k ) for 



2d 



k— 1 n 

2 = z n ) G C/x := J]^ + [-e, ^] 2 ) xSx J] + [-e, e] 2 ). 

3=1 j=k+i 

Moreover, U\ is invariant under the flow and 

for any z = (zi, z n ) EU±. In particular, ^(z) = z + v" — v' for z6d'+ [— e, e 
and &k(z) = z + v ' — v " for z G f " + [— e, e] 2 ™. Furthermore, for 

k— 1 n 

C/ 2 := 11(4 + [" 2e > 2e ] 2 ) x ^ x II (** + [" 2e ' 2£ ] 2 ) 
3=1 j=k+i 

we have that supp(K(t, •)) C £/ 2 for all t G [0, 1]. Therefore, since (v + [—e, e] 2n )nU2 = 
for all v E T e w \ {v',v"}, we conclude that $ l K (z) = z for z G f + [— e,e] 2n for any 
y G \ {v',v"}. Hence if r : Y e w — > is a transposition that interchanges u' with 
u", we conclude that H T = Therefore we conclude 



I H T 1 1 F max 1 1 H 1 1 F max ■ 



□ 



Proof of Lemma 13.211 Consider the decomposition T e w = nUi 7»j an< ^ wr he each 
7» explicitly as 7; = {2^1, Zj^} C (—L,L) 2 . We order each set 7; by setting 
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Zi,i < z it 2 < ... < Zi s Ni, for each i, and consider the lexicographic order -< on 
induced by these orders. We can arrange all the elements of by increasing order 

V\ -< v 2 -< ... -< v N , 

where N = Yl7=i Ni- Take a bijection r : T e w — > T e w such that 

a T („») ^ a T {v>) if an d onr y if v> di v" ', where v',v" G T e w , 

and rewrite H T {x) = X^er e Q>t(v)£,(% — v) as 

N 

H T (x) = ^2bj£(x - vj), and &i O2 ^ ... ^ b N (3.2.41) 

i=i 

By Lemma [3.22[ one has || -Br 1 1 J 7 , max = 1 1 H \ \ jr max . Next, write 

N-l 

H T (x) = b N K N {x) + Yjih ~ bj+jKjix), (3.2.42) 
where Kj(x) = Yji=i£( x ~ v j)- Also se ^ Kq{x) = 0. 



| -Br 1 1 F,max ^ |6jv|||-^Jv(^) || T, max + |&j — 1 lU, 

Af-1 

j=0 



W,max + J^^ 1 _ 6 i) $j§f \\ K ih,max ^ 2 ^ 



= \b N \\\K N (x) \\jr f max + [b N - 6i) max^ || A'J j- jmaa; 

^3(max|aJ) max lli^dlj 7 max 

Wr«, 1 7 l^XAf 11 J»^' fnaai 

Next, consider some Ky, where 1 ^ j ^ AT. There exist a unique sequence 
jo = < ji sC j 2 < ... < j n _ x ^ j n = j, 
such that for any 1 ^ m ^ n we have n™=m+i ^ I 3 m ~ jm-i, an d we have 

7 3m 3m— 1 . »t 

1 Ll=m+1 iV « 

Here we mean nr=n+i = 1- Take any 1 ^ m ^ n. Then provided j m _i < j m , we 
can write 



/=i 
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where we have 

£T(*i) = &( z i ~ z im) , for / = 1, ...,m - 1, 

£m (^m) = ^ ^ Cm ( z rn ~ z m,i m )i 

C(^) = - z i,k) , for Z = m + 1, ...,n. 

ii=l 

Moreover, for any 1 ^ m ^ n we have 

nriioo = niCToo = nii6iioo = iieiioo. 

Z=l Z=l 

From this, and from Proposition 13.141 (i), we conclude that 

H^Hl.F.max ^ C||^ m ||oo = C||£||oo ; 

for some C = C(n). We have 

n 
m=l 

hence 



\Kj\\ T^max ^ E ll^ m |l^,maz ^ ™C||£||c 



m=l 



and this holds for any 1 ^ j ^ N. Therefore we conclude 



( max I a v I ) 



\H \\f max — H T j max ^ 3 ( max \ a v \ max Kj j max 



^ 3nC ( max |a„| ) H^Hoo = 3raC||.H'|| 00 . 



The proof of the lemma is now complete. 



4 Proof of Theorem 11.3 



□ 



The proof of Theorem 11.31 follows from Theorem 13.41 by a standard partition of unity 
argument. For the sake of completeness, we provide the details below. 

As explained in Section |2j it is enough to prove Theorem 11.31 for Ham(M, u)- 
invariant pseudo norms on C°°(M). Indeed, any Ham(M, u;)-invariant pseudo norm 
|| ■ || on A that is continuous in the C°°-topology, can be naturally extended to a 
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Ham ( M, u )- invariant pseudo-norm || • ||' on C°°(M), which is again continuous in the 
C^-topology, by setting 

\\f\\'=\\f-M f \\, where M f = ^ j M fu» 

Consider a Darboux chart % : U M, where U C (M. 2n ,u st d) is an open set. 
Without loss of generality we assume that the origin of IR 2n lies inside U. Choose 
some L > 0, such that W = (-L, L) 2n C U. Since i(W) C M, we have a natural 
embedding C™(i(W)) C°°(M), and therefore any Ham(M, w)-invariant pseudo 
norm || ■ || on C°°(M) restricts to C£°(i(W)). From Lemma 13.31 and Theorem 13.41 
we conclude that (when the norm is continuous in the C°°-topology) there exists a 
constant C > such that 

ll/H < C\\f\U for every function / £ C?(i{W)) 

Next, for any point x £ M there exists an open neighborhood V x C M, and a smooth 
Hamiltonian diffeomorphism <& x £ Ham(M, to), such that ^(V^) C W. Consider the 
open covering [j xGM V x = M. The compactness of M allows us to pass to a finite 
subcover [jf =1 V Xi = M. Moreover, one can find a partition of unity {pi, p 2 , Pv}, 
such that for every i = 1, 2, N, pi : M — > R is a smooth positive function supported 
in 14^ and 

Pi + Pi + ■■■ + Pn = 1m 
Finally, let / £ C°°(M), and consider the decomposition 

f = Pif + Pif + ■■■ + PnJ 
Since || ■ || is a Ham(M, w)-invariant norm, it follows that 

N N 

\\f\\<Y,\M=Y,\\^y(pM 

i=l i=l 

Moreover, it follows from the above that supp (($^ i 1 )*(Pi/)) C W, and hence 

m'r(Pif)\\ < cwi^rifHf)^ = cunu ^ emu 

Therefore we conclude that 

where C = NC . The proof of the theorem is now complete. 

5 Appendix 

Here we prove the claim mentioned in Remark 11.11 More precisely: 
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Proposition 5.1. Let M be a closed symplectic manifold, and let \\ ■ \\ be a norm 
on the Lie algebra A of Ham(M,u). Then, smooth paths [0, 1] — > Ham(M,u) have 
finite length if and only if the norm || • || is continuous in the C°° -topology. 



Proof. The "if part of the statement is clear. Let us show the "only if part. 
Throughout, we equip M with a Riemmanian metric, and denote || • = || • ||co ^ 
II ' lie 1 ^ II ' lie 2 ^ ••• the corresponding C° \C X ,C 2 ', ...-norms on C°°(M). 

Let || • || be an invariant pseudo-norm on C°°(M) which is not continuous in the 
C°°-topology. Consider two sequences {a k }, {b k } in the interval [0, 1], such that 

< ai < &i < a 2 < b 2 < ... < 1 

Next, let c : [0, 1] -> [0, 1] be a smooth function such that c(t) = for t G [0, ~] U [f , 1], 
and c(t) = 1 for t G [|, I]. For a sequence of smooth functions H k : M — > R, we 
define a function H : M x [0, 1] — > R in the following way: 

for t G [0, a{\ U [&i, a 2 ] U [b 2 , a 3 ] U 

H{x,t) = { c(^- k )H k (x) for t G [a k ,b k ], (5.1) 

for t = 1. 

Note that H is smooth on M x [0, 1). We next show that for a suitable choice of a 
sequence H k G C°°(M), one has H(x,t) G C°°(M x [0, 1]), and moreover 



/ \\H(-,t)\\dt = +oo 
Jo 



(5.2) 



Thus, the Hamiltonian flow of H has infinite length with respect to the Finsler metric 



dii. ii. Indeed, note that 



«1 OO , „1 v OO 

/ \\H(;t)\\dt = J2(b k -a k ) / |c(t)|di ||/f fe ||^-V;(6 fc -a fc )||£r fc ||. 
fc =i J * k=1 

Hence, for the estimate ( 15.2 p . it is enough to choose H k such that \\H k \\ ^ b k -a k • 
Moreover, to ensure that H(x,t) is smooth in M x [0, 1], it is enough to have 

d j 

ti™\\—H{t,-)\\ C rn = 0, foranyj,m^0 (5.3) 
More precisely, assume that t G (a k ,b k ). Note that in that case 



rH(t 



dP" v "' n ° \b k - a k 



b k - a k 



I^-IIg" 1 ^ ( 7 ) II c IIcj ll-^fclk 

b k — a ki 



j 



Therefore, to show (15.3 p it is enough to choose H k such that 

lim (- 

fc->oo V b k — a k 



lim I — — — ] ||-fffc||c™ = 0, for any j,m ^ 
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In particular, any sequence Hk E C°°(M), that for every k ^ 1 satisfy 

I Hk 1 1 7— — , 

1 m^fc-o*. ^ (54) 

would give rise (via definition (15.1 j) ) to a smooth function if : M x [0, 1] — » K, such 
that Jq 1 ||if(-,t)||dt = +00. 

Since the norm || • || is assumed to be non-continuous in the C°°-topology, one can 
always find a sequence {Hk} which satisfy (15.4 I) . 

□ 
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